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Stabilization of the critical and subcritical semilinear
inhomogeneous and anisotropic elastic wave equation
Zhen-Hu Ning † Fengyan Yang∗‡ and Jiacheng Wang §
Abstract We prove exponential decay of the critical and subcritical semilinear inhomoge-
neous and anisotropic elastic wave equation with locally distributed damping on bounded
domain. One novelty compared to previous results, is to give a checkable condition of the
inhomogeneous and anisotropic medias. Another novelty is to establish a framework to study
the stability of the damped semilinear inhomogeneous and anisotropic elastic wave equation,
which is hard to apply Carleman estimates to deal with. We develop the Morawetz estimates
and the compactness-uniqueness arguments for the semiliear elastic wave equation to prove
the unique continuation, observability inequality and stabilization result.
It is pointing that our proof is different from the classical method (See Dehman et al.[15], Joly
et al.[26] and Zuazua [59]), which succeeds for the subcritical semilinear wave equation and
fails for the critical semilinear wave equation.
Keywords inhomogeneous and anisotropic elastic wave equation, critical and subcritical
nonlinearity, exponential stabilization, morawetz estimates
Mathematics Subject Classification 35L51,74E05,74E10,93D15,93D20
1 Some Notations
Let O be the origin of Rn(n ≥ 3) and
r(x) = |x|, x ∈ Rn (1.1)
be the standard distance function of Rn. Moreover, let 〈·, ·〉, div , ∇, ∆ and In = (δi,j)n×n be
the standard inner product of Rn, the standard divergence operator of Rn, the standard gradient
operator of Rn, the standard Laplace operator of Rn and the unit matrix.
Let (aijkl)n×n×n×n (x) be a smooth tensor function defined on R
n satisfying
aijkl(x) = ajikl(x) = aklij(x), (1.2)
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for any x ∈ Rn and any 1 ≤ i, j, k, l ≤ n, and the ellipticity condition
α
n∑
i,j=1
εijεij ≤
n∑
i,j,k,l=1
aijkl(x)εijεkl ≤ β
n∑
i,j=1
εijεij , x ∈ Rn, (1.3)
for every symmetric tensor (εij)n×n, where α, β are positive constants.
Let u(x, t) = (u1(x, t), ..., un(x, t)) : R
n × (0,+∞) 7→ Rn be a function. Denote
ui,j =
∂ui
∂xj
, ui,t =
∂ui
∂t
, ui,tt =
∂2ui
∂t2
, (1.4)
and
εij(u) =
1
2
(ui,j + uj,i), εij,k(u) =
∂εij(u)
∂xk
, (1.5)
for any x ∈ Rn and any 1 ≤ i, j, k ≤ n. For any x ∈ Rn and any 1 ≤ i, j, k, l ≤ n, we define
σij(u) =
n∑
k,l=1
aijkl(x)εkl(u). (1.6)
Denote
∇u = (∇u1, ...,∇un) = (uj,i)n×n, (1.7)
|∇u|2 =
n∑
i=1
|∇ui|2, (1.8)
σ(u) = (σ1(u), ...,σn(u)) = (σij(u))n×n, (1.9)
and
ε(u) = (εij(u))n×n. (1.10)
Denote
B(h) =
{
x
∣∣∣ |x| ≤ h} , ∀h > 0. (1.11)
Let S(r) be the sphere in Rn with radius r. Then〈
X,
∂
∂r
〉
= 0, for X ∈ S(r)x, x ∈ Rn\O. (1.12)
2 Introduction
Let Ω ⊂ Rn be a bounded domain with smooth compact boundary Γ and let ν(x) =
(ν1(x), ..., νn(x)) be the unit normal vector outside Ω for x ∈ Γ.
It is assumed that Γ = Γ0 ∪ Γ1, where Γ0,Γ1 ⊂ Γ, Γ0 ∩ Γ1 = ∅, Γ0 6= ∅ and
∂r
∂ν
≤ 0, x ∈ Γ0 and ∂r
∂ν
≥ 0, x ∈ Γ1. (2.1)
Let ω be an open subset of Ω such that
ω ⊃
⋃
x∈Γ1
{
y ∈ Ω
∣∣∣ |y − x| < ξ} , (2.2)
for some ξ > 0.
Example 2.1. Let R0, R1, ε0 be positive constants such that R1 > R0, ε0 < R1 − R0. An
example can be given by Ω = B(R1)\B(R0), ω = B(R1)\B(R0 + ε0),Γ0 = S(R0) and Γ1 = S(R1).
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We consider the following system.
utt − divσ(u) + a(x)ut + f (u) = 0 (x, t) ∈ Ω× (0,+∞),
u = 0 (x, t) ∈ Γ0 × (0,+∞),
σ(u)νT = 0 (x, t) ∈ Γ1 × (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x) x ∈ Ω,
(2.3)
where a(x) ∈ C1(Rn) is a nonnegative function and
f(u) = (|u1|p1−1u1, ..., |un|pn−1un), (2.4)
where
1 < pi ≤ n+ 2
n− 2 for 1 ≤ i ≤ n. (2.5)
The energy of the system (2.3) is defined by
E(t) =
1
2
∫
Ω
(|ut|2 + σ(u)⊙ ε(u) + 2F (u)) dx, (2.6)
where
F (u) =
n∑
i=1
1
pi + 1
|ui|pi+1, (2.7)
and ⊙ is defined by
B ⊙D =
n∑
i,j=1
bijdji. (2.8)
for real matrixes B = (bij)n×n and D = (dij)n×n .
Remark 2.1. The system (2.3) can be rewritten as for 1 ≤ i ≤ n,
ui,tt −
n∑
j=1
σij,j(u) + a(x)ui,t + |ui|pi−1ui = 0 (x, t) ∈ Ω× (0,+∞),
ui
∣∣
Γ0
= 0 t ∈ (0,+∞),∑n
j=1 σij(u)νj
∣∣
Γ1
= 0 t ∈ (0,+∞),
ui(x, 0) = u0i(x), ui,t(x, 0) = u1i(x) x ∈ Ω,
(2.9)
Then E(t) can be rewritten as
E(t) =
1
2
∫
Ω
 n∑
i=1
u2i,t +
n∑
i,j=1
σij(u)εij(u) +
n∑
i=1
2
pi + 1
|ui|pi+1
 dx. (2.10)
There are a wealth of literatures on the controllability and stabilization of the elastic wave
equation. For homogeneous isotropic elastic wave equation, see[2, 4, 29, 30]. For homogeneous
nonisotropic elastic wave equation, see[3, 7, 8, 18, 24, 31, 6, 54, 55, 56, 60]. For the inhomogeneous
elastic wave equation, see[9, 34, 37, 42, 51].
There exist few literature on the stabilization of the semilinear elastic wave equation. Stabi-
lization of the subcritical semilinear wave equation has been fully studied. See [13, 14, 15, 26, 32,
59, 60]. Microlocal analysis given by [4, 17] are the main methods to deal with the stabilization of
the semilinear wave equation. However, microlocal analysis doesn’t work for the critical semilinear
wave equation. As is known, the Morawetz estimate is a simple and effective tool to deal with the
3
energy estimate on hyperbolic PDEs. See [33, 36, 39, 40, 57, 58, 60]. Therefore, we develop the
Morawetz estimates and the compactness-uniqueness arguments to try to prove the stabilization
of the critical and subcritical semilinear inhomogeneous elastic wave equation.
It is pointing that the (elastic) wave equation with Dirichlet/Neumann boundary condition has
special physical meaning, see [16, 28, 38, 35].
The following assumption is the main assumption.
Assumption (A) There exists constant δ > 0 such that for any x ∈ Ω and for every symmetric
tensor (εij)n×n,
n∑
ijkl=1
(
(1− δ)aijkl − r
2
∂aijkl
∂r
)
εijεkl ≥ 0. (2.11)
Remark 2.2. We don’t know whether the condition (2.11) is necessary. However from a view
of inhomogeneous and anisotropic wave equation:utt − divA(x)∇u = 0 (x, t) ∈ Ω× (0,+∞),u(x, 0) = u0(x), ut(x, 0) = u1(x) x ∈ Ω, (2.12)
the condition (2.11) may be a general condition.
Similar with the condition (2.11), we give the following condition for the inhomogeneous and
anisotropic wave equation. There exists a constant δ > 0 such that〈(
(1− δ)A(x) − r(x)
2
∂A(x)
∂r
)
X,X
〉
≥ 0 for X ∈ R3x, x ∈ Ω. (2.13)
Let G(x) = A−1(x). Let x ∈ Rn, X, Y ∈ Rnx and Y = G(x)X. We deduce that
Y T
(
λA(x) − r
2
∂A(x)
∂r
)
Y
=
〈
G(x)
(
λA(x) − r
2
∂A(x)
∂r
)
G(x)X,X
〉
=
〈(
λG(x) +
r
2
∂(G(x))
∂r
)
X,X
〉
, (2.14)
where λ is a contant. It follows from Lemma 3.3 and Lemma 3.4 in [43] that the condition (2.13)
is almost equivalent to GCC (geometric control condition).
Example 2.2. Let
aijkl(x) = λ(x)δijδkl + µ(x)(δikδjl + δilδjk), 1 ≤ i, j, k, l ≤ n, x ∈ Rn, (2.15)
where λ(x), µ(x) ∈ C∞(Rn) satisfy
0 < α ≤ µ(x) ≤ β and 0 < α ≤ λ(x) + 2µ(x) ≤ β, x ∈ Rn. (2.16)
Assume that there exists constant 0 < δ ≤ 1 such that
(1− δ)µ(x) − r
2
∂µ(x)
∂r
≥ 0, x ∈ Ω, (2.17)
and
(1− δ)(λ(x) + 2µ(x))− r
2
∂ (λ(x) + 2µ(x))
∂r
≥ 0, x ∈ Ω. (2.18)
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Then for any x ∈ Ω,
n∑
ijkl=1
(
(1− δ)aijkl(x)− r
2
∂aijkl
∂r
)
εijεkl
=
(
(1− δ)λ(x) − r
2
∂λ(x)
∂r
)( n∑
i=1
εii
)2
+2
(
(1− δ)µ(x) − r
2
∂µ(x)
∂r
) n∑
i,j=1
εijεij
≥ 0. (2.19)
Well-posedness of the subcritical semilinear wave equation has been studied by [10, 19, 20, 21,
25, 45] and well-posedness of the critical semilinear wave equation has been studied by [5, 21,
22, 23, 27, 47, 48, 49, 50]. There exists similar results for the nonlinear elastic wave equation.
See [1, 46, 61]. It is pointing that well-posedness of the critical semilinear wave equation on
bounded domain with Dirichlet boundary condition or Neumann boundary condition has been
proved by[11, 12]. However, well-posedness of the critical semilinear wave equation on Riemannian
manifold or with variable coefficients is still an open problem. As far as we know, the well-posedness
of critical semilinear wave equation on Riemannian manifold or with variable coefficients is so hard
that there exists no noteworthy study recently. Since we are mainly interested in stabilization of
the system (2.3), we assume the following condition hold throughout the paper.
Denote
H1Γ0(Ω) = {w ∈ H1(Ω), w
∣∣
Γ0
= 0}. (2.20)
Assumption (S) Let E0 > 0 be a constant. For any E(0) ≤ E0, there exists a unique solution
of the system (2.3) such that
(u, ut) ∈ C
(
[0,+∞),
(
H1Γ0(Ω)
)n
× (L2(Ω))n). (2.21)
Remark 2.3. If E0 is sufficiently small, the above condition is equivalent to the global existence
of the system (2.3) with small initial data.
Theorem 2.1. Let Assumption (A) hold true. Then there exists positive constants C1, C2,
which are dependent on E0 given by (2.21), such that
E(t) ≤ C1e−C2tE(0), ∀t > 0. (2.22)
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3 Key Lemmas
Lemma 3.1. Suppose that u(x, t) solves the system (2.3). LetH = φ(x)x = φ(x)
∑n
i=1 xi
∂
∂xi
=
φ(x)r ∂
∂r
, where φ ∈ C1(Rn) is a nonnegative function. Then∫ T
0
∫
Γ
(
H(u)σ(u)νT
)
dΓdt+
1
2
∫ T
0
∫
Γ
(|ut|2 − σ(u)⊙ ε(u)− 2F (u))H · νdΓdt
≥
∫
Ω
ut (H(u))
T
dx
∣∣∣T
0
+ δ
∫ T
0
∫
Ω
φ(x)σ(u)⊙ ε(u)dxdt
−C
∫ T
0
∫
Ω
r|∇φ||∇u|2dxdt+
∫ T
0
∫
Ω
a(x)ut (H(u))
T
dxdt
+
1
2
∫ T
0
∫
Ω
(|ut|2 − σ(u)⊙ ε(u)− 2F (u)) divHdxdt, (3.1)
Moreover, assume that P ∈ C1(Rn) : Rn 7→ R1 is a real function. Then∫ T
0
∫
Ω
(
|ut|2 − σ(u)⊙ ε(u)−
n∑
i=1
|ui|pi+1
)
Pdxdt
≥
∫
Ω
Putu
Tdx
∣∣∣T
0
− C
∫ T
0
∫
Ω
|∇P ||u||∇u|dxdt−
∫ T
0
∫
Γ
Puσ(u)νT dΓdt
+
1
2
∫
Ω
Pa(x)|u|2dx
∣∣∣T
0
, (3.2)
where C depends on α, β, given by (1.3).
Proof. First, we multiply the elastic wave equations in (2.3) by (H(u))
T
and integrate over
6
Ω× (0, T ). Note that
σ(u)⊙ (∇ (H(u))) =
n∑
i,j,m=1
σij(u) (φ(x)xmui,m)j
= φ(x)
n∑
i,j,m=1
σij(u) (xmui,m)j +
n∑
i,j,m=1
σij(u)
∂φ
∂xj
xmui,m
= φ(x)
 n∑
i,j=1
σij(u)ui,j +
n∑
i,j,m=1
σij(u)xmui,jm

+
n∑
i,j,m=1
σij(u)
∂φ
∂xj
xmui,m
= φ(x)
 n∑
i,j=1
σij(u)εij(u) +
n∑
i,j,k,l,m=1
aijkl(x)εkl(u)xmεij,m(u)

+
n∑
i,j,m=1
σij(u)
∂φ
∂xj
xmui,m
= φ(x)
 n∑
i,j=1
σij(u)εij(u) +
r
2
∂
∂r
 n∑
i,j=1
σij(u)εij(u)
 − r
2
n∑
ijkl=1
∂aijkl(x)
∂r
εij(u)εkl(u)

+
n∑
i,j,m=1
σij(u)
∂φ
∂xj
xmui,m
= φ(x)
n∑
ijkl=1
(
aijkl − r
2
∂aijkl
∂r
)
εij(u)εkl(u) +
1
2
H
 n∑
i,j=1
σij(u)εij(u)

+
n∑
i,j,m=1
σij(u)
∂φ
∂xj
xmui,m (3.3)
Hence
σ(u)⊙ (∇ (H(u))) ≥ δφ(x)σ(u)⊙ ε(u)− Cr|∇φ||∇u|2
+
1
2
H (σ(u)⊙ ε(u))
= δφ(x)σ(u)⊙ ε(u)− Cr|∇φ||∇u|2
+
1
2
div (σ(u)⊙ ε(u)H)− 1
2
divH (σ(u)⊙ ε(u)) , (3.4)
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Therefore
0 = (utt − divσ(u) + a(x)ut + f(u)) (H(u))T
=
((
ut (H(u))
T
)
t
− 1
2
div (u2tH) +
1
2
u2t divH
)
−
(
div
(
σ(u) (H(u))
T
)
− σ(u)⊙ (∇ (H(u)))
)
+a(x)g(ut) (H(u))
T
+H(F (u))
=
((
ut (H(u))
T
)
t
− 1
2
div (u2tH) +
1
2
u2t divH
)
− div
(
σ(u) (H(u))
T
)
+ σ(u)⊙ (∇ (H(u)))
+a(x)ut (H(u))
T
+div (F (u)H)− F (u) divH
≥
(
ut (H(u))
T
)
t
+ δφ(x)σ(u)⊙ ε(u)− Cr|∇φ||∇u|2
− div
(
σ(u) (H(u))T
)
+
1
2
(|ut|2 − σ(u)⊙ ε(u)− 2F (u)) divH
−1
2
div
(|ut|2 − σ(u)⊙ ε(u)− 2F (u))H
+a(x)ut (H(u))
T
. (3.5)
In addition, we multiply the wave equation in (2.3) by Pu, and integrate over Ω× (0, T ). Note
that
0 = (utt − divσ(u) + a(x)ut + f (u))PuT
=
((
Putu
T
)
t
− P |ut|2
)
− (div (Pσ(u)uT )− Pσ(u)⊙ ε(u)− σ(u)⊙ ((∇P )u))
+
1
2
(Pa(x)|u|2)t + P
n∑
i=1
|ui|pi+1
= (Putu)t − div
(
σ(u)PuT
)
+ σ(u)⊙ ((∇P )u) + 1
2
(Pa(x)|u|2)t
−P
(
|ut|2 − σ(u)⊙ ε(u)−
n∑
i=1
|ui|pi+1
)
≥ (Putu)t − div
(
σ(u)PuT
)− C|∇P ||u||∇u|+ 1
2
(
Pa(x)|u|2)
t
−P
(
|ut|2 − σ(u)⊙ ε(u)−
n∑
i=1
|ui|pi+1
)
. (3.6)
The equality (3.2) follows from Green’s formula.
Lemma 3.2. Let u(x, t) solve the system (2.3). Then
E(t)
∣∣∣T
0
= −
∫ T
0
∫
Ω
a(x)|ut|2dxdt, (3.7)
which implies E(t) is decreasing.
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Proof. Multiplying the equation in (2.3) by ut, and integrating over Ω × (0, T ), the equality
(3.7) follows from Green’s formula. 
Proposition 3.1. Let Assumption (A) hold true. Then there exists T0 ≥ 0 such that for any
T > T0, the only solution (u, ut) ∈ C
(
[0, T ],
(
H1(Ω)
)n × (L2(Ω))n) to the system
utt − divσ(u) + f(u) = 0 (x, t) ∈ Ω× (0, T ),
u|Γ0 = 0 t ∈ (0,+∞),
σ(u)ν|Γ1 = 0 t ∈ (0,+∞),
ut = 0 (x, t) ∈ ω × (0, T ),
(3.8)
where f (u) is given by (2.4), is the trivial one u ≡ 0.
Proof Let a(x) ≡ 0, it follows from (3.7) that
E(t) = E(0), t > 0. (3.9)
Let H = x and a(x) ≡ 0. It follows from (3.1) that∫ T
0
∫
∂Ω
(
H(u)σ(u)νT
)
dΓdt+
1
2
∫ T
0
∫
∂Ω
(|ut|2 − σ(u)⊙ ε(u)− 2F (u))H · νdΓdt
≥
∫
Ω
ut (H(u))
T
dx
∣∣∣T
0
+ δ
∫ T
0
∫
Ω
φ(x)σ(u)⊙ ε(u)dxdt
−C
∫ T
0
∫
Ω
r|∇φ||∇u|2dxdt
+
1
2
∫ T
0
∫
Ω
(|ut|2 − σ(u)⊙ ε(u)− 2F (u)) divHdxdt
=
∫
Ω
ut (H(u))
T
dx
∣∣∣T
0
+ δ
∫ T
0
∫
Ω
φ(x)σ(u)⊙ ε(u)dxdt
−C
∫ T
0
∫
Ω
r|∇φ||∇u|2dxdt
+
n
2
∫ T
0
∫
Ω
(
|ut|2 − σ(u)⊙ ε(u)−
n∑
i=1
|ui|pi+1
)
dxdt
+
∫ T
0
∫
Ω
n∑
i=1
(pi − 1)n
2(pi + 1)
|ui|pi+1dxdt. (3.10)
Denote
δc = min
1≤i≤n
{δ, (pi − 1)n
2(pi + 1)
}. (3.11)
Let P = n−δc
2
and a(x) ≡ 0. Substituting the formula (3.2) into the formula (3.10), we obtain∫ T
0
∫
∂Ω
(
H(u)σ(u)νT
)
dΓdt+
1
2
∫ T
0
∫
∂Ω
(|ut|2 − σ(u)⊙ ε(u)− 2F (u))H · νdΓdt
≥
∫
Ω
ut (H(u) + Pu)
T
dx
∣∣∣T
0
+
δc
2
∫ T
0
∫
Ω
(|ut|2 + σ(u)⊙ ε(u) + 2F (u)) dxdt, (3.12)
Note that u|Γ0 = 0, then for 1 ≤ i, j,m ≤ n,
ui,mνj = ui,ννmνj = ui,jνm, x ∈ Γ0. (3.13)
9
Hence
H(u)σ(u)νT =
n∑
i,j,m=1
xmui,mσij(u)νj
=
n∑
i,j,m=1
ui,jσij(u)xmνm
=
n∑
i,j,m=1
εij(u)σij(u)xmνm
= σ(u)⊙ ε(u)(H · ν), x ∈ Γ0. (3.14)
With
ut = σ(u)ν = 0, x ∈ Γ1, (3.15)
and
∂r
∂ν
≤ 0, x ∈ Γ0 and ∂r
∂ν
≥ 0, x ∈ Γ1, (3.16)
we obtain ∫ T
0
∫
Γ
(
(H(u) + Pu)σ(u)νT
)
dΓdt
+
1
2
∫ T
0
∫
Γ
(|ut|2 − σ(u)⊙ ε(u)− 2F (u))H · νdΓdt
=
∫ T
0
∫
Γ0
(
(H(u) + Pu)σ(u)νT
)
dΓdt
+
1
2
∫ T
0
∫
Γ0
(|ut|2 − σ(u)⊙ ε(u)− 2F (u))H · νdΓdt
+
∫ T
0
∫
Γ1
(
(H(u) + Pu)σ(u)νT
)
dΓdt
+
1
2
∫ T
0
∫
Γ1
(|ut|2 − σ(u)⊙ ε(u)− 2F (u))H · νdΓdt
=
1
2
∫ T
0
∫
Γ0
σ(u)⊙ ε(u)(H · ν)dΓdt
−1
2
∫ T
0
∫
Γ1
(σ(u)⊙ ε(u) + 2F (u))H · νdΓdt
≤ 0. (3.17)
It follows from the Korn’s inequality with Dirichlet boundary conditions [41] that∫
Ω
|∇u|2dx
≤ C
∫
Ω
ε(u)ε(u)dx
≤ C
∫
Ω
σ(u)ε(u)dx. (3.18)
Substituting (3.17) into (3.12), we obtain∫ T
0
E(t)dt ≤ CE(0), (3.19)
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which implies
(T − C)E(0) ≤ 0. (3.20)
The assertion (3.21) holds true.
By a similar proof with Proposition 3.1, the following proposition holds.
Proposition 3.2. Let Assumption (A) hold true. Then there exists T0 ≥ 0 such that for any
T > T0, the only solution (u,ut) ∈ C
(
[0, T ],
(
H1(Ω)
)n × (L2(Ω))n) to the system
utt − divσ(u) = 0 (x, t) ∈ Ω× (0, T ),
u
∣∣
Γ0
= 0 t ∈ (0,+∞),
σ(u)ν
∣∣
Γ1
= 0 t ∈ (0,+∞),
ut = 0 (x, t) ∈ ω × (0, T ),
(3.21)
is the trivial one u ≡ 0.
4 Proofs of Theorem 2.1
Lemma 4.1. Let Assumption(A) hold true. Let u solve the system (2.3). Then there exists
a positive constant C such that∫ T
0
E(t)dt ≤ C
∫ T
0
∫
Ω
a(x)|ut|2dxdt+ C
∫ T
0
∫
Ω
|u|2dxdt (4.1)
for sufficiently large T .
Proof. It follows from classical Korn’s inequality[44] that∫
ω
|∇u|2dx
≤ C
∫
ω
(|u|2 + ε(u)⊙ ε(u)) dx, (4.2)
and the Korn’s inequality with Dirichlet boundary conditions [41] that∫
Ω
|∇u|2dx
≤ C
∫
Ω
ε(u)⊙ ε(u)dx
≤ C
∫
Ω
σ(u)⊙ ε(u)dx. (4.3)
Let ω̂ ⊂ Ω be an bounded open set with smooth boundary such that
Γ1 ⊂ ω̂ and
(
ω̂\Γ1
)
⊂ ω. (4.4)
Let φ ∈ C∞(Rn) be a nonnegative function such that
φ = 1, x ∈ Ω\ω and φ = 0, x ∈ ω̂. (4.5)
Let
H = φ(x)x. (4.6)
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It follows from (3.1) that∫ T
0
∫
Γ0
(
H(u)σ(u)νT
)
dΓdt+
1
2
∫ T
0
∫
Γ0
(|ut|2 − σ(u)⊙ ε(u)− 2F (u))H · νdΓdt
≥
∫
Ω
ut (H(u))
T
dx
∣∣∣T
0
+ δ
∫ T
0
∫
Ω
φ(x)σ(u)⊙ ε(u)dxdt
−C
∫ T
0
∫
Ω
r|∇φ||∇u|2dxdt+
∫ T
0
∫
Ω
a(x)ut (H(u))
T
dxdt
+
1
2
∫ T
0
∫
Ω
(
|ut|2 − σ(u)⊙ ε(u)−
n∑
i=1
|ui|pi+1
)
divHdxdt
+
∫ T
0
∫
Ω
n∑
i=1
(pi − 1) divH
2(pi + 1)
|ui|pi+1dxdt. (4.7)
Note that
divH = n, x ∈ Ω\ω. (4.8)
Denote
δc = min
1≤i≤n
{δ, (pi − 1)n
2(pi + 1)
}. (4.9)
Let P = 1
2
( divH − φδc), substituting (3.2) into (3.1), with (4.2) and (4.3), we obtain∫ T
0
∫
Ω\ω
(
|ut|2 + σ(u)⊙ ε(u) + 2F (u)
)
dxdt
≤ C(E(0) + E(T )) + C
∫ T
0
∫
ω
(
|ut|2 + σ(u)⊙ ε(u) +
n∑
i=1
|ui|pi+1
)
dxdt
+C
∫ T
0
∫
Ω
a(x)
(|ut|2 + σ(u)⊙ ε(u)) dxdt
+
∫ T
0
∫
Ω
(
Cǫ|u|2 + ǫσ(u)⊙ ε(u)
)
dxdt. (4.10)
Hence ∫ T
0
∫
Ω\ω
(|ut|2 + σ(u)⊙ ε(u) + 2F (u)) dxdt
≤ C(E(0) + E(T )) + C
∫ T
0
∫
Ω
a(x)
(
|ut|2 + σ(u)⊙ ε(u) +
n∑
i=1
|ui|pi+1
)
dxdt
+C
∫ T
0
∫
Ω
|u|2dxdt. (4.11)
Therefore ∫ T
0
∫
Ω
(
u2t + σ(u)⊙ ε(u) + 2F (u)
)
dxdt
≤ C(E(0) + E(T )) + C
∫ T
0
∫
Ω
a(x)
(
|ut|2 + σ(u)⊙ ε(u) +
n∑
i=1
|ui|pi+1
)
dxdt
+C
∫ T
0
∫
Ω
|u|2dxdt. (4.12)
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Let P = a(x) in the equality (3.2), we obtain∫ T
0
∫
Ω
a(x) (σ(u)⊙ ε(u) + 2F (u)) dxdt
≤ C(E(0) + E(T )) + C
∫ T
0
∫
Ω
a(x)
(|ut|2 + |u|2) dxdt
+C
∫ T
0
∫
Ω
a(x)|ut|2dxdt
+
∫ T
0
∫
Ω
(
Cǫ|u|2 + ǫσ(u)⊙ ε(u)
)
dxdt. (4.13)
With (4.12), we obtain∫ T
0
E(t)dt ≤ C(E(0) + E(T )) + C
∫ T
0
∫
Ω
a(x)|ut|2dxdt
+C
∫ T
0
∫
Ω
|u|2dxdt. (4.14)
It follows from (3.7) that
C(E(0) + E(T )) = 2CE(T ) + C
∫ T
0
∫
Ω
a(x)|ut|2dxdt. (4.15)
Note that E(t) is decreasing, then, for T ≥ 4C∫ T
0
E(t)dt ≤ C
∫ T
0
∫
Ω
a(x)|ut|2dxdt+ C
∫ T
0
∫
Ω
|u|2dxdt. (4.16)

Lemma 4.2. Let Assumption (A) hold true. Let u(x, t) solve the system (2.3). Then for any
E(0) ≤ E0, ∫ T
0
E(t)dt ≤ C(E0, T )
∫ T
0
∫
Ω
a(x)|ut|2dxdt, (4.17)
for sufficiently large T .
Proof. We apply compactness-uniqueness arguments to prove the conclusion. It follows from
(4.1) that ∫ T
0
E(t)dt ≤ C
∫ T
0
∫
Ω
a(x)|ut|2dxdt+ C
∫ T
0
∫
Ω
|u|2dxdt. (4.18)
Then, if the estimate (4.17) doesn’t hold true, there exist
{
uk
}∞
k=1
such that
Ek(0) ≤ E0, (4.19)
where
Ek(t) =
1
2
∫
Ω
(|uk,t|2 + σ(uk)⊙ ε(uk) + 2F (uk)) , (4.20)
and ∫ T
0
∫
Ω
|uk|2dxdt ≥ k
∫ T
0
∫
Ω
a(x)|uk,t|2dxdt. (4.21)
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With (3.7), we have
Ek(t) ≤ E0, 0 ≤ t ≤ T. (4.22)
and ∫ T
0
Ek(t)dt ≤ TE0. (4.23)
Therefore, there exists uˆ0 and a subset of
{
uk
}∞
k=1
, still denoted by
{
uk
}∞
k=1
, such that
uk → uˆ0 weakly in
(
H1 (Ω× (0, T )))n , (4.24)
and
uk → uˆ0 strongly in
(
L2 (Ω× (0, T )))n . (4.25)
Case a: ∫ T
0
∫
Ω
|uˆ0|2dxdt > 0. (4.26)
Denote
qi =
2n
(n− 2)pi , q
∗
i =
qi
qi − 1 , (4.27)
for 1 ≤ i ≤ n. Since 1 < pi ≤ n+2n−2 , then
2n
n+ 2
≤ qi, q∗i ≤
2n
n− 2 , . (4.28)
Note that
1
qi
+
1
q∗i
= 1, (4.29)
Then, Lq
∗
i (Ω) is the dual space of Lqi (Ω).
Note that
H1 (Ω) →֒ L 2nn−2 (Ω) . (4.30)
Therefore, it follows from (4.22) that for 1 ≤ i ≤ n
{|uki|pi−1uki} are bounded in L∞([0, T ], Lqi(Ω)). (4.31)
Then
{|uki|pi−1uki} are bounded in Lqi (Ω× (0, T )) . (4.32)
Hence for 1 ≤ i ≤ n
|uki|pi−1uki → |uˆ0i|pi−1uˆ0i weakly in Lqi (Ω× (0, T )) . (4.33)
It follows from (4.21) that
a(x)uˆ0t = 0 (x, t) ∈ Rn × (0, T ). (4.34)
Therefore, with (4.24) and (4.33), we obtain
uˆ0tt − divσ(uˆ0) + f(uˆ0) = 0 (x, t) ∈ Ω× (0, T ),
uˆ0|Γ0 = 0 t ∈ (0,+∞),
σ(uˆ0)ν|Γ1 = 0 t ∈ (0,+∞),
uˆ0t = 0 (x, t) ∈ ω × (0, T ),
(4.35)
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where f(uˆ0) is given by (2.4). It follows from Proposition 3.1 that
uˆ0 ≡ 0, (x, t) ∈ Ω× (0, T ), (4.36)
which contradicts (4.26).
Case b:
uˆ0 ≡ 0 on Ω× (0, T ). (4.37)
Denote
vk = uk
/√
ck for k ≥ 1, (4.38)
where
ck =
∫ T
0
∫
Ω
|uk|2dxdt. (4.39)
Then vk satisfies for 1 ≤ i ≤ n,
vk,tt − divσ(vk) + a(x)vk,t + f(uk)√
ck
= 0 (x, t) ∈ Ω× (0, T ), (4.40)
and ∫ T
0
∫
Ω
|vk|2dxdt = 1. (4.41)
It follows from (4.21) that
1 ≥ k
∫ T
0
∫
Ω
a(x)v2ktdxdt. (4.42)
Therefore, It follows from (4.18) that
Êk(0) ≤ 1 + 1
k
≤ 2, (4.43)
where
Êk(t) =
1
2
∫
Ω
(
|vk,t|2 + σ(vk)⊙ ε(uk) +
n∑
i=1
2
pi + 1
|uki|pi−1|vki|2
)
. (4.44)
Hence, there exists v0 and a subset of
{
vk
}∞
k=1
, still denoted by
{
vk
}∞
k=1
, such that
vk → v0 weakly in
(
H1 (Ω× (0, T )))n , (4.45)
and
vk → v0 strongly in
(
L2 (Ω× (0, T )))n . (4.46)
It follows from (3.7), (4.38) and (4.43) that
Êk(t) ≤ Êk(0) ≤ 2, ∀0 ≤ t ≤ T. (4.47)
Let qi, q
∗
i be given by (4.27). Note that
H1 (Ω) →֒ L 2nn−2 (Ω) . (4.48)
Therefore, it follows from (4.47) that for 1 ≤ i ≤ n∫ T
0
∫
Ω
n∑
i=1
(|uki|pi−1vki)qi dxgdt
=
∫ T
0
∫
Ω
n∑
i=1
c
qi(pi−1)
2
k |vki|
2n
n−2 dxdt
≤
n∑
i=1
c
qi(pi−1)
2
k C(T ). (4.49)
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With (4.37) and (4.39), we obtain
lim
k→+∞
∫ T
0
∫
Ω
n∑
i=1
(|uki|pi−1vki)qi dxdt = 0. (4.50)
It follows from (4.42) that
a(x)v0t = 0 (x, t) ∈ Rn × (0, T ). (4.51)
Therefore, It follows from (4.40) and (4.50) that
v0tt − divσ(v0) = 0 (x, t) ∈ Ω× (0, T ),
v0|Γ0 = 0 t ∈ (0,+∞),
σ(v0)ν|Γ1 = 0 t ∈ (0,+∞),
v0t = 0 (x, t) ∈ ω × (0, T ), (x, t) ∈ ω × (0, T ).
(4.52)
Then it follows from Proposition 3.2 that
v0 = 0, x ∈ Ω, (4.53)
which contradicts (4.41).
Proof of Theorem 2.1 It follows from (3.7) and (4.17) that, for sufficiently large T ,
TE(T ) ≤
∫ T
0
E(t)dt ≤ C(E0, T )
∫ T
0
∫
Ω
a(x)|ut|2dxdt
≤ C(E0, T )(E(0)− E(T )). (4.54)
Hence,
E(T ) ≤ C(E0, T )
C(E0, T ) + T
E(0). (4.55)
The estimate (2.22) holds.
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